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Question 1

There are two countries, A (which is rich) and B (which is poor). A
monopoly �rm can produce and sell its good � a particular computer
program � in the two countries. The program can be o¤ered in
di¤erent qualities. The payo¤of a representative consumer in country
i 2 fA;Bg, if consuming the program at price p when the quality is q,
is given by

Ui = �iq � p,
where it is assumed that

�A > �B > 0:

The program can be o¤ered at di¤erent prices and di¤erent qualities
in the two countries. However, a consumer can, without incurring
any transaction costs, choose to purchase the program in the country
in which he is not living, if he prefers that price-quality combination.
Therefore, if the �rm o¤ers the good in both countries, the following
two incentive compatibility constraints must be satis�ed:

�AqA � pA � �AqB � pB (IC-A)

and
�BqB � pB � �BqA � pA: (IC-B)

In addition, if the �rm wants the consumers in both countries to
actually purchase the program, their individual rationality constraints
must be satis�ed. Assuming that all consumers�outside option yields
the payo¤ zero, these constraints can be written as

�AqA � pA � 0 (IR-A)

and
�BqB � pB � 0: (IR-B)

In addition, in country B there is, for any given quality of the pro-
gram, a maximum price that the �rm is allowed to charge. The level
of the price cap is linear in the quality and it can be written as

pB � dBqB ; (PC-B)

where
0 < dB < �B :
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The monopoly �rm has a quadratic cost function and wants to max-
imize its pro�ts. These pro�ts can be written as

V = �
�
pA �

c

2
q2A

�
+ (1� �)

�
pB �

c

2
q2B

�
where c > 0 is a parameter, � 2 (0; 1) is the number of consumers in
country A, and (1� �) is the number of consumers in country B.

a) Let the �rst-best levels of qA and qB be de�ned as the ones that
maximize the total surplus,

(1� �) �BqB + ��AqA � (1� �)
c

2
q2B � �

c

2
q2A:

Calculate these �rst-best levels. Explain the economic intuition
behind your result.

� According to the question, the �rst-best levels of qA and qB are de�ned
as the ones that maximize the total surplus,

TS = (1� �) �BqB + ��AqA � (1� �)
c

2
q2B � �

c

2
q2A:

Di¤erentiating this expression with respect to qA yields

@TS

@qA
= ��A � �cqA:

This expression is strictly positive evaluated at qA = 0, so a corner solution
is clearly not optimal. Instead the value of qA that maximizes TS can be
found by setting the derivative equal to zero (as TS is strictly concave in
qA):

@TS

@qA
= ��A � �cqA = 0) qFBA =

�A
c
:

Similarly, for qB we have

@TS

@qB
= (1� �) �B � (1� �) cqB = 0) qFBB =

�B
c
:

� The intuition: The total surplus is de�ned as the total sum of net surplus
that is generated by the production and consumption of the good. The
�rst-best level of qA, for example, maximizes that net surplus; therefore it
trades o¤ the bene�ts that the consumers in country A enjoy by consuming
qA against the �rm�s cost of producing that quantity. At the optimum the
marginal bene�t, ��A, must equal the marginal production cost, �cqA,
which yields the �rst-best level qFBA .
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b) Return to the model with asymmetric information described
above and solve for the optimal second-best prices and quali-
ties. Assume that the parameters of the model are such that
the monopoly �rm optimally sells in both countries. Explain
how the optimal second-best qualities di¤er from the optimal
�rst-best qualities. Also explain the economic intuition behind
any di¤erences. Do the consumers of any one of the countries
get any rents at the second-best optimum? If so, which country
or which countries? Explain why.

� There is a price cap in country B (the one that is poorer, or with a lower
valuation).

� We are supposed to assume that the parameters of the model are such that
the monopoly �rm optimally sells in both countries. The arguments below
therefore take as given that qA > 0 and qB > 0. In addition, it is taken as
given that the monopoly �rm does want to o¤er the same contract to the
two consumer groups (bunching). In the course we showed that in very
similar two-type models of adverse selection, bunching is not optimal.

� The �rm�s objective:

V (qA; qB ; pB ; pA) = �
�
pA �

c

2
q2A

�
+ (1� �)

�
pB �

c

2
q2B

�
:

� Constraints:

�The B customers must prefer their bundle to no bundle at all:

�BqB � pB � 0: (IR-B)

�The A customers must prefer their bundle to no bundle at all:

�AqA � pA � 0: (IR-A)

�The B customers must prefer their bundle to the A customers�bundle:

�BqB � pB � �BqA � pA: (IC-B)

�The A customers must prefer their bundle to the B customers�bundle:

�AqA � pA � �AqB � pB : (IC-A)

�And the new price ceiling constraint:

pB � dBqB : (PC-B)
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� Given the assumption that 0 < dB < �B , PC-B implies IR-B. To see that,
write

pB

By PC-Bz}|{
� dBqB

By dB<�B and qB>0z}|{
< �BqB :

This series of inequalities says that pB < �BqB , which is indeed stronger
than IR-B (implying that the B consumers will get a rent). We can thus
ignore IR-B.

� Moreover, we have:

�AqA � pA
By IC-Az}|{
� �AqB � pB

By �A>�B and qB>0z}|{
> �BqB � pB

By �B>dB and qB>0z}|{
> dBqB � pB

By PC-Bz}|{
� 0:

This means that if PC-B and IC-A are satis�ed, then so is IR-A (indeed,
with a strict inequality, which means that also the A consumers will get
a rent). We can thus ignore IR-A.

� We can also guess that IC-B is satis�ed at the optimum (and check after-
wards).

� The remaining constraints are now

pB � dBqB : (PC-B)

�AqA � pA � �AqB � pB : (IC-A)

� Claim: Both constraints must bind at the optimum.

�Proof that PC-B binds (the argument for IC-A is similar): Suppose
PC-B did not bind at the optimum. Then pB could be increased
without violating PC-B or IC-A, which would increase the objective.
This contradicts the assumption that we were at the optimum. Hence
PC-B must bind at the optimum.

� Changing the inequality signs to equalities in the two constraints and then
solving for pA and pB yields

pB = dBqB ; (1)

pA = �AqA � �AqB + pB = �AqA � (�A � dB) qB : (2)

� Plugging pA and pB into the objective function we get

V (qA; qB) = �
h
�AqA � (�A � dB) qB �

c

2
q2A

i
+ (1� �)

�
dBqB �

c

2
q2B

�
:
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� FOC w.r.t. qA:

@V (qA; qB)

@qA
= � [�A � cqA] = 0) qSBA = �A

c :

This means that the A consumers second best quantity is the same as

under �rst best, qSBA = qFBA : there is �e¢ ciency at the top�.

� FOC w.r.t. qB :

@V (qA; qB)

@qA
= �� (�A � dB)+(1� �) (dB � cqB) = 0) qSBB = dB���A

(1��)c :

�Note that we have qSBB < qFBB :

qSBB < qFBB , dB � ��A
(1� �) c <

�B
c
, dB � ��A < (1� �) �B

, (�B � dB) + � (�A � �B) > 0;

which is always satis�ed given the assumptions that 0 < dB < �B <
�A and � 2 (0; 1). That is, the B consumers�quantity is distorted
downwards relative to the �rst best.

�Also note that since we assumed that the parameters of the model
are such that qSBB > 0 (see the discussion above), we then implicitly
assumed that dB > ��A .

�Finally note that we have qSBB < qSBA (which we need in a proof

below):

qSBB < qSBA , dB � ��A
(1� �) c <

�A
c
, dB���A < (1� �) �A , dB < �A;

which holds by assumption.

� Plugging these expressions for qSBA and qSBB back into (1) and (2), we
obtain

pSBB = dBq
SB
B =

d2B � ��AdB
(1� �) c ;

pSBA = �Aq
SB
A � (�A � dB) qSBB =

�2A
c
� (�A � dB) [dB � ��A]

(1� �) c :

� We have already seen from above that both consumer groups get strictly
positive rents. In addition we can now calculate expressions for these
rents (although this is not asked about in the question, so doing this is
not required). The rents are

�Bq
SB
B � pSBB = (�B � dB) qSBB = (�B�dB)[dB���A]

(1��)c
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for the B consumers and

�Aq
SB
A � pSBA = �Aq

SB
A � �AqSBA + (�A � dB) qSBB = (�A�dB)[dB���A]

(1��)c

for the A consumers.

� Finally we must check that IC-B is satis�ed at the optimum:

�Bq
SB
B � pSBB � �BqSBA � pSBA

or
(�B � dB) qSBB � �BqSBA � �AqSBA + (�A � dB) qSBB

0 � (�B � �A) qSBA + (�A � �B) qSBB
0 � � (�A � �B)

�
qSBA � qSBB

�
;

which is �ne thanks to qSBA > qSBB (shown above) and the assumption that
�A > �B .

� Intuition: Key to the results is that the A type is the one who gets, for
any given q, both: (i) the highest marginal utility [the �single-crossing
condition�] and (ii) the highest total utility.

� Because of (ii), the �rm primarily wants to extract the A type�s surplus
(as it�s larger).

� However, if the A type gets too little, he can choose the B type�s bundle
instead.

�To prevent this, the monopolist makes the B type�s bundle less at-
tractive by o¤ering those consumers less.

�This works because of (i): The high type su¤ers more from a reduc-
tion in q than the low type.

� Suppose q stands for quality and the �rm is a railway company.

�Then the di¤erence in service level between �rst- and second-class is
larger under second best than under �rst best:

qSB <

q-distance under FB ������������!
qFB < qSB = qFB

 �����������������!
q-distance under SB

�The �rst-class service level is the same under �rst and second best,
whereas the second-class service level is distorted downwards.

�The intuitive reason: The intended �rst-class passengers mustn�t
want to buy second-class tickets instead, so let�s make second class
su¢ ciently uncomfortable!
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Question 2

Prometheus Sørensen (the principal, P for short) owns a factory
producing pencils and wants to hire Absalon Nielsen (the agent, A
for short) to work there. If hired, A�s task will be to operate a
pencil machine and to make sure it runs smoothly. To do this well, A
must �make an e¤ort�, which involves a (personal) cost to A. This is
modelled as A�s choosing an e¤ort level e 2 [0; 1]. The associated cost
equals  (e), where this function satis�es

 0 > 0;  00 > 0;  (0) =  0 (0) = 0; lim
e!1

 0 (e) =1:

The number of pencils that come out of the machine, q, is either
large (q = q) or small (q = q), with q > q > 0. The probability that
the number is large equals the e¤ort level: Pr (q = q j e) = e. P (and
the court) can observe which quantity that is realized (q or q) but
not the e¤ort level chosen by A. It is assumed that P has all the
bargaining power and makes a take-it-or-leave-it o¤er to A. A contract
can specify two numbers, t and t, where t is the payment to P if q = q,
and t is the payment to A if q = q. P is risk neutral and his payo¤,
given a quantity q and a payment t, equals

V = q � t:

A is also risk neutral and his payo¤, given a payment t and an e¤ort
level e, equals

U = t�  (e) :
A is protected by limited liability, meaning that t � 0 and t � 0. A�s
outside option would yield the payo¤ zero.

a) Let the �rst best e¤ort level be de�ned as the one that maximizes
the expected total surplus,

(1� e) q + eq �  (e) :

Characterize this �rst best level. Explain the economic intuition
behind your result.

� Under �rst best we want to maximize the �pie�, and we don�t care
about how the utilities are distributed across the economic agents.
Thus, the choice of the transfers t and t do not matter (as long as
they satisfy the constraints). However, the e¤ort should maximize
the total amount of resources available. Therefore, e must be such
that the marginal social bene�t of increasing e, which is q�q, is equal
to the marginal social cost of increasing e, which is  0 (e). Therefore,
the �rst best solution is characterized by q � q =  0

�
eFB

�
.
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� The easiest way of solving the problem formally is to maximize the
sum of the principal�s and the agent�s expected payo¤s:

e
�
q � t

�
+ (1� e)

�
q � t

�
+ et+ (1� e) t�  (e)

= eq + (1� e) q �  (e) :

The FOC:
q � q �  0

�
eFB

�
= 0;

which yields the result.

b) Derive the second-best solution; that is, characterize the optimal
menu of contracts under the assumption that P (and the court)
cannot observe the e¤ort level e. Explain the economic intuition
behind your result.

� The principal�s problem:

max
e;t;t

�
e
�
q � t

�
+ (1� e)

�
q � t

�	
s. t.

et+ (1� e) t�  (e) � 0 (IR)

e 2 arg max
e02[0;1]

�
e0t+ (1� e0) t�  (e0)

	
(IC)

t � 0 and t � 0 (LL)

� We now make use of the �rst-order approach. That is, we replace the
in�nitely many IC constraints with the (single) �rst-order condition
of the agent�s problem. The agent�s problem if facing a contract

�
t; t
�
:

max
e2[0;1]

�
et+ (1� e) t�  (e)

	
:

The �rst-order condition:

t� t =  0 (e) :

Given our assumptions about  (e) and as long as t > t, the FOC
must de�ne the optimal e (the FOC is not only necessary but also
su¢ cient). If t � t, the problem would have a corner solution: e = 0.
That is, in this special case with a two-output-level model, we can
easily �nd a condition (namely, t > t) for when the FOC gives us
the global optimum. We can deal with the case t � t separately,
by checking later whether the principal would bene�t from inducing
e = 0.

� By replacing the in�nitely many IC constraints with the �rst-order
condition, the principal�s problem becomes:

max
e;t;t

�
e
�
q � t

�
+ (1� e)

�
q � t

�	
s. t.
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et+ (1� e) t�  (e) � 0 (IR)

t� t =  0 (e) (IC)

t � 0 and t � 0 (LL)

� We can further simplify the principal�s problem as follows:

(a) Note that, under our assumptions, if e is optimally chosen by
the agent, then IR is satis�ed. For, given LL, the agent can
guarantee himself the utility level zero by choosing e = 0.

(b) Eliminate t from the objective function by plugging in IC:

V = e
�
q � t

�
+ (1� e)

�
q � t

�
= eq + (1� e) q � e

�
t� t

�| {z }
= 0(e) by IC

� t

= eq + (1� e) q � e 0 (e)� t

(c) Note that since V is decreasing in t, the LL constraint in a bad
state must bind: t = 0. Hence the principal�s objective function
can be written as

V = eq + (1� e) q � e 0 (e) :

� The principal�s problem can now be stated as follows, without any
constraints and with only one choice variable, e:

max
e

�
eq + (1� e) q � e 0 (e)

	
:

The �rst-order condition:

q � q �  0
�
eSB

�
� eSB 00

�
eSB

�
= 0: (*)

The second-order condition:

�2 00 (e)� e 000 (e) < 0 for all e 2 [0; 1] .

This SOC is not automatically satis�ed � we need to assume that
the function  (e) is such that it is. A su¢ cient condition, given our
other assumptions about function  (e), is that its third derivative is
positive.

� However, before concluding that eSB is the optimum, we should check
that the principal cannot be made better o¤ by choosing e = 0 (recall
that this was the possibility we ignored when plugging in the FOC).
By setting t = t = 0, which would induce e = 0, the principal would
get the expected utility:

V = e
�
q � t

�
+ (1� e)

�
q � t

�
= q:
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From above we know that V can be written as V = eq + (1� e) q �
e 0 (e). Hence,

V SB = eSBq +
�
1� eSB

�
q � eSB 0

�
eSB

�
= q + eSB

�
q � q �  0

�
eSB

��| {z }
=eSB 00(eSB) by (*)

= q +
�
eSB

�2
 00
�
eSB

�
> q:

We can conclude that e = eSB is indeed the optimum.

� In summary:
�The second best e¤ort level is de�ned by

q � q =  0
�
eSB

�
+ eSB 00

�
eSB

�
: (*)

�The second best transfer in a good state is given by the agent�s
FOC above:

t
SB
=  0

�
eSB

�
= q � q � eSB 00

�
eSB

�
> 0:

�The second best transfer in a bad state is given by the binding
LL constraint:

tSB = 0:

� The intuition is similar to the one in adverse selection models: By
lowering e a bit from the �rst best level, the principal saves more on
transfers than he loses in terms of e¢ ciency.

� Exactly as in the adverse selection model, the principal faces a trade-
o¤ between e¢ ciency and rent extraction:

V =
�
eq + (1� e) q �  (e)

�| {z }
=Total surplus

�
�
et+ (1� e) t�  (e)

�| {z }
=U , the agent�s rent

:

� The principal could � if he wanted to � induce the agent to exert
the �rst-best level of e¤ort.

�He would simply choose transfers that satisfy t� t =  0
�
eFB

�
.

�The bene�t: it would maximize the size of the pie.
�The cost: the principal must pay relatively large transfers.

� However, at e = eFB the marginal e¤ect of a change in e on the size
of the pie is zero, whereas the marginal e¤ect of a change in e on the
size of the transfer is strictly positive. See also �gure (L9-I, �g 4, v2).

�Hence it always pays o¤ to reduce e at least a little bit.
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